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In the present work, we study the Compton Scattering with atomic bound electrons which has
great impacts on dark matter direct detection experiments. Throughout this work, we give a quanti-
tative analysis of Compton scattering energy spectrum for Si and Ge atomic systems. The theoretical
results on Compton scattering have been accomplished within the frameworks of free electron ap-
proximation and relativistic impulse approximation. The low energy transfer and near threshold
regions are especially considered in this work. To obtain the atomic ground states, we adopt an ab
initio calculations in fully relativistic Dirac-Fock theory for Si and Ge atoms.
PACS numbers: 25.20.Dc, 32.80.Cy, 95.30.Dr, 95.35.+d
I. INTRODUCTION
Atomic Compton Scatterings have been extensively in-
vestigated and widely applied in many areas of physics
over the past few decades [1–7], and the development
of modern gamma-ray spectrometer and imaging devices
are also benefit a lot from Compton Scatterings [8–10].
Recently, dark matter problem is one of the most at-
tractive topics among interdisciplinary branches of sci-
ence. The preponderant evidences for existence of dark
matter have been found from special rotation curves of
spiral galaxies, gravitational lensing, large scale struc-
ture formation of universe, cosmic microwave background
and baryon acoustic oscillations [11–20]. There are three
primary approaches that are direct detection, indirect
detection and accelerator detection to search these un-
known dark matter particles. These detection experi-
ments strictly constrain the mass of dark matter parti-
cles, strength of interactions, as well as other parameters
over past few years [18–22].
Compton scattering plays an key role in direct detec-
tion of dark matter particles, for it is one of the nonneg-
ligible background processes for X-ray and gamma-ray
radiations that must be eliminated in experiments [23–
25]. In dark matter detection experiments, the behavior
of detector response of interactions between dark matter
particles and target atoms are quite similar with those
of low-energy transfer atomic Compton scatterings. Fur-
thermore, the Compton sacttering processes can affect
the low-energy calibration of these experiments. There-
fore, the study of dynamical properties as well as the de-
tector response of Compton scattering may give us guid-
ance on background understanding, background analysis,
background subtraction and suppression, as well as the
identification of dark matter particles.
Compton scattering is conventional approached from
the free electron approximation (FEA) and Klein-Nishina
∗Electronic address: chenkaiqiao@126.com
formula [26, 27]. In FEA, electron interactions with
atomic ions are neglected, and electrons are also assumed
to be at rest prior to photon scatterings in the labora-
tory frame. The FEA and Klein-Nishina formula works
perfectly in the high-energy transfer region, in which
cases electrons are asymptotically free. However, in the
low-energy transfer region, in which cases would have
great impacts on the dark matter detections [24], the
atomic binding effects become dominant, therefore the
FEA breaks down and more advanced approaches are
needed. The atomic binding effects and electron motions
can be treated effectively in the relativistic impulse ap-
proximation (RIA) developed in previous years [28–33].
With the advantages of simplicity and flexibility, the RIA
formulation has been widely applied in atomic, condensed
matter, nuclear and elementary particle physics [34–38].
In particular, in the conventional Monte Carlo simulation
program Geant4, which has been extensively used in nu-
clear and elementary particle physics, Compton Scatter-
ing processes are treated in the FEA and RIA formulation
[34].
In this paper, we carry out an concrete analysis on
the Compton scattering energy spectrum in the FEA
and RIA formulations. The low-energy transfer and
near threshold regions are especially considered in this
work. We mainly focus ourselves on Compton Scatter-
ing with Si and Ge atomic systems, irrespective of in-
fluences coming from complex geometrical structure of
detectors. With sufficient low threshold and high effi-
ciency, Si and Ge are ideal materials for experimental
detection of charged or neutral particles, especially for
dark matter direct detection and neutrinoless double beta
decay experiments [39–42]. In order in take atomic bind-
ing and relativistic effects into consideration, we utilize
the Dirac-Fock formalism to calculate the ground state
of Si and Ge atom [43–46]. In the low-energy transfer
or near threshold regions the Compton scattering en-
ergy spectrum presents several linear platforms and step
structures approximately, and a linear fit approach of
Compton scattering energy spectrum is adopted for var-
ious photon energies. The slopes for K and L platforms
and the relative altitude ratio of platforms for K and
2L steps at their photoionization thresholds are carefully
studied in this work, and we have compared our theoret-
ical calculations with Monte Carlo simulations [47]. An
experiment which may text our results is ongoing [48].
This paper is organised as follows: section II gives a
description of theoretical framework, section III is de-
voted to results and discussions. Conclusions and future
perspectives are given in Sec. IV.
II. THEORETICAL FRAMEWORK
In this section, we give a brief introduction of theo-
retical framework used in the present work. The energy
spectrum of Compton scattering is calculated in FEA and
RIA formulations respectively.
A. Free Electron Approximation
In free electron approximation (FEA) and Klein-
Nishina formula, the energy of the scattered photon is
totally determined by its scattering angle θ via
ωf = ωC =
ωi
1 + ωi(1 − cos θ)/mc2
(1)
and ωC is called Compton edge energy in literatures.
When scattering angle θ = 180o, the energy of scat-
tered photon reaches its minimum, meanwhile the energy
transfer T = ωi−ωC gets its maximal value. In this case,
ωminC = ω
min
f =
ωi
1 + 2ωi/mc2
(2)
Tmax = ωi − ω
min
C = ωi −
ωi
1 + 2ωi/mc2
(3)
and it correspond to the Compton edge in energy spec-
trum.
In FEA formulation, the differential cross section of
Compton scattering is given by
(
dσ
dΩf
)
FEA
=
r20
2
(
ωC
ωi
)2(
ωi
ωC
+
ωC
ωi
− sin2 θ
)
(4)
and the scattering spectrum can be expressed as(
dσ
dT
)
FEA
= pir20
mc2
ω2i
[
ωi
ωC
+
ωC
ωi
− 2mc2
(
1
ωC
−
1
ωi
)
+m2c4
(
1
ωC
−
1
ωi
)2]
(5)
where T = ωi − ωC is the energy transfer in Compton
scattering.
B. Relativistic Impulse Approximation
In the relativistic impulse approximation (RIA), the
atomic binding effects and electron motions prior to scat-
tering have been incorporated into the atomic Compton
profiles J(pz). In this formulation, the differential cross
section of Compton scattering is given by
(
d2σ
dωfdΩf
)
RIA
=
r20
2
m
q
mc2
E(pz)
ωf
ωi
X(pz)J(pz) (6)
and the function X(pz) is defined as
X(pz) =
Ki(pz)
Kf (pz)
+
Kf(pz)
Ki(pz)
+2m2c2
(
1
Ki(pz)
−
1
Kf(pz)
)
+m4c4
(
1
Ki(pz)
−
1
Kf (pz)
)2
(7)
with
Ki(pz) =
ωiE(pz)
c2
+
ωi(ωi − ωf cos θ)pz
c2q
(8)
Kf (pz) = Ki(pz)−
ωiωf (1− cos θ)
c2
(9)
E(pz) =
√
m2c4 + p2zc
2 (10)
In the above expressions, q is the modulus of the momen-
tum transfer vector q ≡ ki − kf and pz is the projection
of the electron’s initial momentum on the momentum
transfer direction
pz = −
p · q
q
=
ωiωf (1− cos θ)− E(pz)(ωi − ωf )
c2q
(11)
In the above expressions, the correction factor J(pz) in
differential cross section is called atomic Compton profile
J(pz) ≡
∫∫
ρ(p)dpxdpy (12)
with ρ(p) to be the ground state electron momentum den-
sity of the atomic systems. The Compton profile reflects
the electronic properties of atomic or molecular systems,
therefore it has been widely studied in atomic and con-
densed matter physics [35–38]. In the present work, we
use the fully relativistic Dirac-Fock approach to calculate
the ground state of atomic systems and obtain the their
Compton profiles.
Given the differential cross sections in Compton scat-
tering, the energy spectrum can be calculated through
the integration
(
dσ
dT
)
RIA
=
∫
dΩf
(
d2σ
dωfdΩf
)
RIA
=
∫
dΩf
r20
2
m
q
mc2
E(pz)
ωf
ωi
X(pz)J(pz)(13)
with T = ωi − ωf to be the energy transfer in Compton
scattering.
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FIG. 1: The Compton scattering energy spectrum in free elec-
tron approximation (FEA) and relativistic impulse approxi-
mation (RIA). The initial maximum point, final maximum
point and minimum point are labeled in this figure. The lo-
cation of Compton edge in free electron approximation is also
presented in this figure.
III. RESULTS AND DISCUSSIONS
In this section, we list our results on Compton scatter-
ing energy spectrum from FEA and RIA formulations.
In direct detection experiments of dark matter particles,
both dynamical properties of atomic Compton scattering
and the geometrical structure of detectors can affect the
observed Compton scattering energy spectrum in an real
experiment. For simplicity, in this work we only focus
ourselves to the dynamical properties of Compton scat-
tering processes. The effects coming from geometrical
structure of detectors are leaving for future studies. In
the present work, we take the simple Si and Ge atomic
systems into consideration, which correspond to the ideal
point-like Si and Ge detectors. The ground state of Si and
Ge atoms have been calculated within fully relativistic
Dirac-Fock theory.
The energy spectrum from FEA and RIA formulation
are shown as an example in Fig. 1. From FEA re-
sults, the maximal energy transfer case correspond to the
Compton edge. However, in RIA formulation, the energy
transfer can exceeds the Compton edge due to atomic ef-
fects. We shall study various aspects of Compton scatter-
ing energy spectrum in subsection IIIA-III C, and com-
parisons between our theoretical calculations and Monte
Carlo simulations are presented in subsection IIID.
Throughout this work, we pick several characteris-
tic gamma-ray energy 122.1, 238.6, 356.0, 511.0, 661.7,
1173.2, 1332.5 and 1460.7 KeV as examples to illus-
trate our results. These gamma-rays can be emitted
from the 57Co (122.1 KeV), 212Pb (238.6 KeV), 133Ba
(356.0 KeV), 22Na (511.0 KeV), 137Cs (661.7 KeV),
60Co (1173.2, 1332.5 KeV) and 40K (1460.7 KeV) char-
acteristic gamma-ray sources respectively.
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FIG. 2: The ratios between maximum and minimum in Comp-
ton scattering energy spectrum from FEA and RIA calcula-
tions for Si and Ge atoms. The two parameters R1 and R2
are defined in Eqs. (14)-(15) respectively.
A. Ratios between Maximum and Minimum
In Fig. 1, we have labeled some important points in the
Compton scattering energy spectrum for both FEA and
RIA formulation. They are initial maximum point, final
maximum point and minimum points respectively. The
position of these maximum and minimum points can be
shifted as initial photon energy varies. Moreover, the ra-
tio between maximum and minimum in energy spectrum
are also influenced by incoming photon energy.
In order to compare the ratio between maximum and
minimum in Compton scattering energy spectrum quan-
titatively, we can define the following two parameter as
R1 ≡
(dσ/dT )imax
(dσ/dT )min
(14)
R2 ≡
(dσ/dT )fmax
(dσ/dT )min
(15)
with (dσ/dT )imax, (dσ/dT )fmax and (dσ/dT )min to be the
singly differential cross section at initial maximum point,
final maximum point and minimum point respectively.
The calculation results of R1 and R2 are plotted in
Fig. 2 for different photon energies in FEA and RIA
formulation for Si and Ge atoms. In FEA formulation,
the parameters R1 and R2 are the same for all elements.
While in RIA formulation, R1 and R2 dependent on ma-
terials of target. From this figure, it is apparent that the
parameter R1 decrease as photon energy becomes larger,
while the parameter R2 increase as photon energy en-
larges. The same trend appears for both FEA and RIA
results. This observation shows that in the Compton
scattering, the “initial” of energy spectrum goes higher
and the “tail” of energy spectrum becomes higher as pho-
ton energy increases. Moreover, in Fig. 2 we can see var-
ious curves of parameter R1 converge to each other when
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FIG. 3: Linear fit method of Compton scattering energy spec-
trum as a diagrammatic sketch. The linear platforms and
their coresponding slopes for K, L1, L2 and M1 subshells have
been labeled in this figure. The step structures at K, L1 and
L2 photoionization thresholds are also indicated in the figure.
photon energy exceeds 1 MeV, but parameterR2 does not
present this convergence. Approximately, the parameter
R2 exhibits approximate linear structures with respective
to incident photon energy in FEA and RIA results.
B. Linear Fit method and Slopes
In the low-energy transfer region, the Compton scat-
tering energy spectrum exhibits several linear platforms
and steps structures approximately. This is especially
noticeable when energy transfer T approaching to the
photoionization thresholds, which are 1.8 and 11.1 KeV
for Si and Ge atoms respectively. This allows us to em-
ploy a linear fit method for Compton scattering energy
spectrum in the near threshold region, which gives
dσ
dT
≈ aT + b (16)
In FEA calculations, we have an overall slope aFEA for
the whole energy spectrum. In RIA calculations, for var-
ious subshells we have their corresponding platforms and
slopes aRIAK , a
RIA
L1 , a
RIA
L2 ,a
RIA
M1 respectively. Furthermore,
in FEA calculations, the slope aFEA is inversely propor-
tional to the quartic power of incoming photon energy,
which can be shown directly from analytical expressions
in FEA formulation. In the low-energy transfer limit
T = ωi − ωC → 0, the Compton scattering energy spec-
trum in FEA furmulation becomes
(
dσ
dT
)
FEA
= pir20
mc2
ω2i
[
ωi
ωC
+
ωC
ωi
− 2mc2
(
1
ωC
−
1
ωi
)
+m2c4
(
1
ωC
−
1
ωi
)2]
≈ 2pir20
mc2
ω2i
− 2pir20
m2c4
ω4i
T + o(T 2)
≈ aFEAT + bFEA + o(T 2) (17)
which gives aFEA = −2pir20m
2c4/ω4i . The linear fit
method is illustrate as a diagrammatic sketch in Fig. 3
for RIA calculations of Ge atom.
Results of slopes for K and L1 platforms aRIAK , a
RIA
L1
in RIA calculations are presented in Fig. 4 for Si and
Ge atom at different photon energies. The slope of en-
ergy spectrum from FEA calculations aFEA are also plot-
ted in this figure as comparisons. From Fig. 4, we
have observed that all slopes are negative for FEA and
RIA results, and each slopes diminishes as photon energy
increases. Therefore we can draw the conclusion that
Compton scattering energy spectrum becomes steeper for
lower energy incoming photons, and the energy spectrum
is comparatively flatter for higher energy gamma rays.
Moreover, the slopes for K and L1 platforms in RIA cal-
culations converge to each other for Si and Ge atoms,
and they are consistent with FEA results, except for low-
energy 122.1 KeV photon. This indicate that electrons
in K and L shells almost contribute equivalently as free
electrons in Compton scattering energy spectrum for high
incident photon energies.
C. Altitudes of Platforms
As displayed in Fig. 3, after employing the linear fit
method for Compton scattering energy spectrum in the
low-energy transfer region, we can get linear platforms
for each subshell. These platforms, when combining to-
gether, present step structures in the energy spectrum.
The altitudes of platforms for different subshells are in-
fluenced by the incident photon energy and need to be
studied quantitatively. In this subsection, we analyze the
relative altitude ratio of each platform for K, L1 and L2
steps at their photoionization threshold.
Results of relative altitude ratio of each platform at
K, L1 and L2 steps are given from RIA calculations in
Fig. 5 for Si and Ge atoms. For convenience, we have
added several lines in this figure to illustrate the ratio of
electron’s number that activated in Compton scattering
on both sides of K, L1 and L2 steps. We shall take the
K step for Si atom as an example to explain this point.
When energy transfer is larger than K shell photoion-
ization threshold, all electrons are activated in Compton
scattering. However, once the energy transfer fall below
photoionization threshold of K shell, two 1s electrons be-
come inactivated in scattering process. If electrons in dif-
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FIG. 4: The slopes for K and L1 platforms in Compton scattering energy spectrum from relativistic impulse approximation
(RIA) for Si and Ge atoms. The slopes of Si and Ge atoms from free electron approximation (FEA) are also plotted in this
figure as comparisons.
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FIG. 5: The relative altitude ratios of platforms in Compton scattering energy spectrum for K, L1 and L2 steps at their
corresponding photoionization thresholds from RIA calculations for Si and Ge atoms. For convenience, several lines have been
added in this figure to illustrate the ratio of electron’s number that activated in Compton scattering for each steps.
ferent subshells contribute equivalently in Compton scat-
tering energy spectrum, then the relative altitude ratio
of platform for Si atom at K step will be 12/14 = 0.8333.
Situations in other steps can be analyzed in a similar way.
From this figure, we have learned that relative altitude
ratios of platforms for Si and Ge atoms at K, L1 and
L2 steps almost fall on these ideal lines, except for low-
energy photons for Ge atom. Therefore we can draw the
conclusion that K and L shell electrons almost contribute
equivalently in Compton scattering energy spectrum, ex-
cept for low incident photon energies. This is consistent
with our results obtained in subsection III B.
D. Comparison of Our Results with Monte Carlo
Simulations
In the present work, we have also compared our re-
sults with Monte Carlo simulations from Peng Gu et al.
for relative altitude ratio of platforms at K step of Ge
detectors [47]. The conventional Monte Carlo simula-
tion program Geant4, which has been extensively applied
to nuclear physics, astrophysics and elementary particle
physics, has been adopted in Gu’s simulations [49, 50].
In simulations, the similar linear fit approach has been
used to extract information of relative altitude ratio of
platforms at K step in Compton scattering energy spec-
trum. It is worth while to note that we have employed
the simple atomic model in the theoretical calculations
and the geometrical structure of detectors are ignored.
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FIG. 6: The comparative results between theoretical calcula-
tions and Monte Carlo simulations on relative altitude ratio
of platforms for K shep of Ge atoms. For simulational results,
the standard deviations have been added in this figure
Thus our theoretical results only identical to the cases of
ideal point-like detectors, as we have mentioned in the
beginning of Sec. III. While in Gu’s simulations, the
geometrical structure of detectors are takin into consid-
eration. The detector’s geometrical structure are chosen
exactly to be the same as the high-purity Ge detectors
used in CDEX-10 and Super-CDMS experiments of dark
matter direct detections [40, 41]. Two simulational model
in Geant4 program (version 10.3) have been employed to
simulate Compton scattering processes. They are Liver-
more and Monash model respectively, and both of them
have utilized the RIA formulation to deal with atomic
Compton scatterings [50–52].
The comparative results between theoretical calcula-
tions and Monte Carlo simulations are shown in Fig.
6. For simulational results, the relative altitude ratio
of platforms at K step obtained using CDEX-10 and
Super-CDMS detectors as well as from different simu-
lational models have been prestented, and the standard
deviations are also given in this figure. However, in our
theoretical calculations, the standard deviations are less
than 1% and they are not given in the figure. From
Fig. 6, there are obvious deviations between simulational
results from CDEX-10 and Super-CDMS Ge detectors,
therefore it is clearly that the geometrical structure of
detectors indeed affect the relative altitude ratio of plat-
forms at K step of Ge in Compton scattering energy spec-
trum. Thoughout the above comparisons, we have seen
that theoretical and simulational results are compara-
tively consistent with each other, with certain deviations
possibly arising from the influence of detector’s geomet-
rical structure. An experiment aimed to test our theo-
retical calculations as well as Monte Carlo simulations is
ongoing now [47, 48].
IV. SUMMARY
Throughout this paper, we have studied the Compton
scattering energy spectrum for Si and Ge atoms in FEA
and RIA formulations. The ratios between maximum
and minimum in energy spectrum have been analyzed
quantitatively. In the low-energy or near threshold re-
gions, the Compton scattering energy spectrum present
approximate linear platforms and step structures for each
subshells. We use a linear fit method for energy spectrum
to extract slopes for K and L1 platforms in RIA calcu-
lations. Relative altitude ratio of platforms for K and L
steps at their corresponding photoionization thresholds
have also been analyzed in RIA calculations.
Our results show that in FEA and RIA calculations
of Compton scattering, the “initial” of energy spectrum
goes higher and the “tail” of energy spectrum becomes
lower when incoming photon energy reduces. Particu-
larly, in Compton scattering energy spectrum the ratio
between final maximum and minimum, which is char-
acterized by parameter R2 in subsection IIIA, appear
approximate linear relationship with respect to incident
photon energy. Through analysis of slopes and step struc-
tures for various subshell platforms, we can draw the
conclusion that the energy spectrum becomes steeper for
lower energy gamma rays, and the spectrum is compar-
atively flatter for high energy photons. Electrons from
K and L shell almost contribute equivalently in Comp-
ton scattering energy spectrum, except for low energy
incident photons.
Furthermore, we have also compared our theoretical
results with Monte Carlo simulations, and comparatively
consistent results have been obtained with certain devi-
ations possibly arising from the influence of detector’s
geometrical structure. The theoretical and simulational
results can be test by experiments ongoing. We wish our
work will be useful in the X-ray and gamma-ray back-
ground understanding, background analysis and back-
ground subtraction in dark matter detection detection
experiments, especially in the low-energy transfer or near
threshold region.
In the present work, we have studied the energy spec-
trum of Compton scattering through FEA and RIA for-
mulations. However, in the past few years, several ap-
proaches beyond FEA and RIA have already been inves-
tigated recently [53–59]. These researches, which mainly
employing low-energy theorems and S-matrix formula-
tion, have revealed many nontrivial properties of Comp-
ton scatterings and have attracted lots of interests in in-
terdisciplinary studies. We shall study the atomic Comp-
ton Scattering using more advanced approaches beyond
RIA formulation in the future.
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